Let X be a smooth complex projective variety of dimension n and let L1, . . . , Ln−i be ample line bundles on X, where i is an integer with 0 ≤ i ≤ n − 1. In the first part, we defined the ith sectional geometric genus gi (X, L1, . . . , and the ith sectional Harithmetic genus χ L1, . . . ,. In this third part, we will investigate g2 (X, L1, . . . , and χ H 2 (X, L1, . . . , Ln−2). Moreover we will give some applications of the sectional invariants of multi-polarized manifolds.
Introduction.
Let X be a projective variety of dimension n which is defined over the field of complex numbers and let L be an ample (resp. nef and big) line bundle on X. Then the pair (X, L) is called a polarized (resp. quasi-polarized) variety. Moreover if X is smooth, then (X, L) is called a polarized (resp. quasi-polarized) manifold.
This is the continuation of [11] and [12] . The third part consists of Sections 7, 8 and 9 . Let X be a smooth complex projective variety of dimension n and let L 1 , . . . , L n−i be ample line bundles on X, where i is an integer with 0 ≤ i ≤ n − 1. In Section 7 we will give some results and definitions which will be used in this paper. In Section 8 we will deal with the second sectional invariants of multi-polarized manifolds (X, L 1 , . . . , L n−2 ). By using the sectional invariants of (X, L 1 , . . . , L n−2 ) we can get some statements for multi-polarized manifolds which are considered to be a kind of generalization of well-known results in the theory of projective surfaces. In particular, we will give two problems which are multi-polarized manifolds' version of Castelnuovo's theorem and Bogomolov-Miyaoka-Yau's theorem, and we will investigate these. In Section 9, we will give two applications in this paper. In [10] and [13] , we gave an application of sectional geometric genus of multi-polarized manifolds to calculation of the dimension of the global sections of adjoint bundles. As another application, first, we will calculate the sectional geometric genus of complete intersections of hypersurfaces in the projective space by using the sectional geometric genus of multi-polarized manifolds. Next we will give the definition of the ith sectional m-genus of multiquasi-polarized manifolds, which is thought to be a generalization of the m-genus of minimal projective variety of general type. Also we will investigate this invariant, and we can get some results for i = 1 and 2 which are considered to be a generalization of results in the theory of curves and surfaces. Here we note that we cannot define the ith sectional m-genus of quasi-polarized manifold easily without the notion of the ith sectional geometric genus of multi-quasi-polarized manifolds.
Preliminaries for the third part
Definition 7.1 Let X be a projective variety and let L be a line bundle on X. Then L is said to be k-big if κ(L) ≥ dim X − k, where k is an integer with 0 ≤ k ≤ dim X. Proposition 7.1 (Generalized Hodge Index Theorem) Let X be a projective variety of dimension n, let k be a natural number and let L i be a line bundle on X for 0 ≤ i ≤ k. Assume that n ≥ 2 and L i is nef for i ≥ 1. If n 1 + · · · + n k = n − 1 and n 1 ≥ 1, then we have
Therefore we get the assertion. 
Proof. 
The coefficient of the above four terms are the following.
, we obtain the assertion.
) is one of the following: (Here σ is an element of the symmetric group S n−2 of {1, . . . , n − 2}.)
(7) X is a P n−1 -bundle over a smooth curve C and one of the following holds. (Here F denotes its fiber ).
There exist a smooth projective curve W and a surjective morphism f : X → W with connected fibers such that (X, L i ) is a quadric fibration over W with respect to f for every integer i with 1 ≤ i ≤ n − 2.
(10) There exist a smooth projective surface S and a surjective morphism f : X → S with connected fibers such that f is a P n−2 -bundle over S and (X, L j ) is a scroll over S with respect to f for every integer j with 1 ≤ j ≤ n − 2.
Proof. Here we use notation in Notation 7.
) is one of the above, then we can easily see that
Hence we get the assertion. 
Proof. By taking a reduction, if necessary, we may assume that 
So by Proposition 8.1.1, we obtain
So we get the assertion.
The second sectional H-arithmetic genus
Let n be an integer with n ≥ 3. Let (X, L 1 , . . . , L n−2 ) be an n-dimensional multi-polarized manifold of type (n−2). Here we are going to propose some conjectures which are induced by some results in the surface theory. Here we note the following: let (X, L 1 , . . . , L n−2 ) be a multi-polarized manifold of type (n − 2) with dim X = n. Assume that Bs|L j | = ∅ for every integer j with 1 ≤ j ≤ n − 2, and (X,
is not the type (10) 
By the same consideration as in [6] and [9] , we can give the following correspondences: let S be a smooth projective surface. Then the following correspondences are considered.
Invariants of S.
(In ( * ), k = −∞, 0, or 1. In ( * ) and ( * * ), the direction ⇒ needs the assumption that
By using these correspondences, we can propose many problems. Before we propose conjectures, we state the following some fundamental results in the surface theory.
By using the above correspondences, we can propose the following conjecture.
If n = 3, then this conjecture is equivalent to [9, Conjecture 2.1]. So in this paper we consider the case where n ≥ 4. First we will study (2) in Conjecture 8.2.1.
Theorem 8.2.1 Let n be an integer with
Proof. By taking a reduction of (X,
This completes the proof.
Next we consider (1) in Conjecture 8.2.1 for κ(X) ≥ 0.
we get the assertion by Theorem 8.1.2.
Next we consider (3) and (4) in Conjecture 8.2.1.
Theorem 8.2.3 Let n be an integer with
Then the following hold. 
Here we note that (X, L 1 ) is a quadric fibration over W . Let E 1 := f * (L 1 ). Then E 1 is a locally free sheaf of rank n + 1 and X ∈ |2H(E 1 ) + p * (B)| for some B ∈ Pic(W ), where p :
Proof. If b ≥ 0, then 2e+3b = (2e+b)+2b > 0. So we assume that b < 0. Since 2e+(n+1)b ≥ 0 by [2, (3. 3)] and n ≥ 4, we see that 2e + 3b ≥ −(n − 2)b > 0. Therefore we get the assertion.
because a ≥ 0 and 2e
Here we note that by [4, (8 
for every i. Then we may assume that there exists an ample vector bundle E on W such that L 1 = H(E) and there exists B j ∈ Pic(W ) such that L j = L 1 + Φ * (B j ) for every j with 2 ≤ j ≤ n − 2. We set b j := deg B j and e := c 1 (E). Then
. Then E is a locally free sheaf of rank n on W such that X = P W (E) and
, where A i , B ∈ Pic(W ). We set a i := deg A i for every integer i with 1 ≤ i ≤ n − 3 and b := deg B.
On the other hand
Hence 2(
) is a quadric fibration over W , by [11, Example 2.1 (I)], we have
By above we get the assertion of Theorem 8.2.3.
Next we consider the case where (X, L 1 , . . . , L n−2 ) is the type (10) in [12, Remark 5.2.4]. Namely, assume that there exist a smooth projective surface S and a surjective morphism π : X → S with connected fibers such that π is a P n−2 -bundle over S and (X, L j ) is a scroll over S with respect to f for every integer j with 1 ≤ j ≤ n − 2. For every integer i with 0 ≤ i ≤ n − 2, let t i be a non-negative integer with t 1 + · · · + t n−2 = n − 2. Then we set
Lemma 8.2.1 Let i and j be two distinct natural numbers such that
Proof. Here we may assume that i = 1 and j = 2 without loss of generality and then we also assume that L 1 ̸ ≡ L 2 . By assumption, we see that (X, L 1 ) is a scroll over S. Hence there exists an ample vector bundle E on S of rank n − 1 such that X = P S (E) and L 1 = H(E). Then for every integer p with 2 ≤ p ≤ n − 2, we get
where T p ∈ Pic(S). Here we note that
So we have
Here we set
Here we note that
and
In order to prove Lemma 8.2.1, we assume that both f (a 1 , . . . , a n−2 ) ≥ f (b 1 , . . . , b n−2 ) and f (a 1 , . . . , a n−2 ) ≥ f (c 1 , . . . , c n−2 ) hold. Then by (2) we have 
Proof. Let (a 1 , . . . , a n−2 ) ∈ A n−2 . Then we will prove the following.
Here we note that h
, and we get the assertion of Theorem 8.2.5.
Finally we are going to investigate (5) in Conjecture 8.2.1.
Proof. By taking a reduction of (X, 
Applications
In this section, we will provide two applications.
The sectional geometric genus of complete intersections of hypersurfaces in P N
By using the notion of the sectional geometric genus of multi-polarized manifolds, we calculate the sectional geometric genus of (X, L), where X is a complete intersection of hypersurfaces in P N and
Theorem 9.1.1 Let X be a projective variety such that X is a complete intersection of hypersurfaces
Here
Proof. Here we note that X and D j are not smooth in general. First we will prove the following:
, where
Proof. By the Bertini theorem we can take a general member D ′ j ∈ |O P N (d j )| for any j such that the following holds: 
. , H).
Let N X ′ /P N (resp. N X/P N ) be the normal bundle to 
where a ∈ Q. On the other hand since
by [7, Theorem 2 .1] we have
Here we note that h 
This completes the proof of Claim 9. ). Here we note that 
(Here we note that if u = 0, then (−1)
Next we consider the case where N − i − r ≥ 2 and we calculate
Here we note that by [11, Theorem 2.3 ]
On the other hand, by above
Hence
The sectional m-genus of multi-polarized manifolds
Here we define the ith sectional m-genus of multi-quasi-polarized manifolds.
Definition 9.2.1 Let m be an integer with
is defined by the following: 
Proof. By definition and the proof of [11, Theorem 2.3] we get 
Therefore we get the assertion.
Theorem 9.2.2 Let m be an integer with
Proof. By definition we get
On the other hand, since
Hence we get the assertion. Since K X is nef and big, we have h 1 (O X ) ≥ 2. Hence we get h 0 (mK X ) ≥ 2m − 1. So Theorem 9.2.2 can be regarded as a generalization of this result. 
So we get the assertion for m = k + 1, and this completes the proof.
